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EMPIRICAL OPERATOR. INTERPOLATION

Scenario:

DISCRETE operators Lp(p) : Viy — Wi,
for PARAMETER vectors u € M C RP.

Goals:
o Linearization
o Parameter separation
Fréchet derivatives

©

o A posteriori error estimation
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EMPIRICAL OPERATOR. INTERPOLATION

Discrete parametrized operators Lp(p) : Vi — Wy

DEFINITION: DISCRETE FUNCTION SPACE W,
o Hilbert-space Wy, C L™°(Q)
o has basis functions {1};,-},!":1 , i € Wp and
o DOF functionals X, := {r} |, with 7; : W, — R, such that
o for all up € Wy @ up = Z,H:1 7i(up)i
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EMPIRICAL OPERATOR. INTERPOLATION

Discrete parametrized operators Lp(pt) : Vo — Wy

INGREDIENTS
o “Trained” set: X = {Lp(p) [up(p)]; p € M}

o POD- or interpolation basis: {gm},_1  m

. M .
o Interpolation DOFs: {T’EI}mZI , with 75 € &

References: (B.Haasdonk, M.Ohlberger, G.Rozza, 2008) and (M.Drohmann, B.Haasdonk,
M.Ohlberger, 2012)
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EMPIRICAL OPERATOR. INTERPOLATION: PROPERTIES

Interpolation is based on the simple idea:

ImLr] :=Zm [Lh[]]
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o Interpolants of Fréchet DERIVATIVES efficiently computable

03/247/2013 [2eM] Sandia National Laborat
MARTIN DROHMANN (MDROHMA@SANDIA.COV) | / 21


mdrohma@sandia.gov

EMPIRICAL OPERATOR. INTERPOLATION: PROPERTIES

Interpolation is based on the simple idea:

ImLr] :=Zm [Lh[]]

o So: Inherits results for EIM
o Interpolants of Fréchet DERIVATIVES efficiently computable

o INVARIANCE of “linear operator properties’™
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EMPIRICAL OPERATOR. INTERPOLATION: PROPERTIES

Interpolation is based on the simple idea:

ImLr] :=Zm [Lh[]]

o So: Inherits results for EIM
o Interpolants of Fréchet DERIVATIVES efficiently computable

o INVARIANCE of “linear operator properties’™
> especially global and local conservation of finite volume operators

o Computationally equivalent to DEIM
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EMPIRICAL INTERPOLATION: ERROR ANALYSIS

For v, € X

the interpolation error |[vy — Zpy [vp]||; can be bounded:

o A prIORI under assumption of possible exponential convergence (Maday et al, 2009)
o A pPoSTERIORI under assumption of exactness for M + M’ interpolation basis functions.
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SCALAR EVOLUTION EQUATION

ANALYTICAL FORMULATION
For p € M C RP, find v : [0, Tmax] — W C L2(Q), s.t.

u(0) = uo(p), Oru(t) — L(p) [u(2)] =0

plus (parameter dependent) boundary conditions.
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SCALAR EVOLUTION EQUATION

ANALYTICAL FORMULATION
For p € M C RP, find v : [0, Tmax] — W C L2(Q), s.t.

u(0) = uo(p), Oru(t) — L(p) [u(2)] =0

plus (parameter dependent) boundary conditions.

DISCRETIZATION (IMPLICIT/EXPLICIT WITH NEWTON SCHEME)

For p € M find {u,,},(K:0 CWp CW, s.t.

0._ UKL o kL man (k)
up = P [uo(p)], U=y T
with Newton iteration
k+1,0 k+1,0+1 k 1 k+1,0+1
“h+ = u,lf, ”h+ AR o= T a, T ,

(Id+AtDI\u,‘+1,V) [5:+1,u+1] =k ukt A (I [ k+1, u] ‘E [ ]) .
h
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REDUCED BASIS SCHEME (DHO, 2012)

REDUCED SIMULATION (IMPLICIT/EXPLICIT WITH NEWTON SCHEME)

For pu € M find {uf(14)}_, C Wi C Wh, such that

0._ k+1 . k+1,vmax(k)
up = Pp [uo(p)] up =y T
with Newton iteration
k+1,0 . Kk k+1,041 _  k+lv k+1,0+1
up = up, uy, =u, + 4 ,

(Id 4F AtDI\uH;,V) [5”:+1,u+1] = uk u:+1,u _ At (I |:u;‘<+1,u:| L E [”Ilj]) '
h
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REDUCED BASIS SCHEME (DHO, 2012)

REDUCED SIMULATION (IMPLICIT/EXPLICIT WITH NEWTON SCHEME)

For p € M find {ufed(u)}fzo C Wrea C W, such that

0._ SR et vmax(k)
up = Pp [uo(p)], U™ = T
with Newton iteration
k+1,0 k+1,0+1 k 1 k+1,0+1
uh+ = u,lf, uh+ VL = ety d, TR

(Id—i—AtDI\uHLU) [5:+1,y+1] =k kA (, [ k+1, V] o E[ D
h
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REDUCED BASIS SCHEME (DHO, 2012)

REDUCED SIMULATION (IMPLICIT/EXPLICIT WITH NEWTON SCHEME)

For p € M find {ufed(u)}fzo C Wrea C W, such that

k+1, K
Uged := Pred [UO(“)]a ;I:Jrl = “hJr sl

with Newton iteration

)

k+1 k+1 1 k1 k+1 1
uk10 = ke uetlAl o gkl gkt

(Id—i—AtDI\uHLU) [5:+1,y+1] = kbt Ay (, [ k+1, V] o E[ D
h

03/247/2013 [2EM] Sandia National Laborat
MARTIN DROHMANN (MDROHMA@SANDIA.COV) | / 21


mdrohma@sandia.gov

REDUCED BASIS SCHEME (DHO, 2012)

REDUCED SIMULATION (IMPLICIT/EXPLICIT WITH NEWTON SCHEME)
For p € M find {ufed(u)}fzo C Wreda C W, such that
Ufeq = Prea [Uo(r)], ukht = e vmex ()
with Newton iteration
KO U g b
(Id + A a0 ) [5;;1 ] = kg - uf:dl V- (1w f:dl*”] +E [ufa])
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REDUCED BASIS SCHEME (DHO, 2012)

REDUCED SIMULATION (IMPLICIT/EXPLICIT WITH NEWTON SCHEME)

For p € M find {ufed(u)}fzo C Wred C Wy, such that

0 ._ k+1 . k+1,vmax(k)
Ured = Prea [to(p)] Ured "= Yred e
with Newton iteration
k+1, 0 k k+1 v+l k+1 v k+1, u+1
Ured = Ureqs Ured T + 6red

k+1 1 k+1 k+1
(Id a4 AtDLred,l'ﬂlﬂLu) |:6reti v ] = UII‘(ed - ureJ(rj A, (‘cred,’ |:ureti ,V:| + Lred,E [ufed]) .
red

v
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REDUCED BASIS SCHEME (DHO, 2012)

REDUCED SIMULATION (IMPLICIT/EXPLICIT WITH NEWTON SCHEME)

For p € M find {ufed(u)}fzo C Wred C Wy, such that

0 ._ k+1 . k+1,vmax(k)
Ured = Prea [to(p)] Ured "= Yred e
with Newton iteration
k+1, 0 k k+1 v+l k+1 v k+1, u+1
Ured = Ureqs Ured T + 6red

k+1 1 k+1 k+1
(Id a4 AtDLred,l'ﬂlﬂLu) |:6reti v ] = UII‘(ed - ureJ(rj A, (‘cred,’ |:ureti ,V:| + Lred,E [ufed]) .
red

v

cred,I/E = PreaoImol/E
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A POSTERIORI ERROR ESTIMATOR (DHO, 2012)

ESTIMATOR

k() — ubq ()| < 0o pa . (12)

Two main contributions:
o Projection error on Weq (exactly computable!)
o Empirical interpolation error (M + M’ trick)

Plus: “Lipschitz” properties:
o |lu—v+ AtL [u] — AtL [V]HW,, > ﬁ [|lu— V”Wh

o llu—v—AtLe [u] + AtLe My, < Ceacllu—vily,
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EI BASIS GENERATION

EI-GREEDY
o With interpolation error eps(un) := ||Zp [un] — unl|) oo,
o iteratively search for
o collateral reduced basis functions gp; := arg max,, e x,.. Em—1(up) and

o Interpolation DOFs 75 := argmax,cx, |7 [Zm—1 [am]] — 7 [am]]-
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EI BASIS GENERATION

EI-GREEDY
o With interpolation error eps(un) := ||Zp [un] — unl|) oo,
o iteratively search for
o collateral reduced basis functions gp; := arg max,, e x,.. Em—1(up) and

o Interpolation DOFs 75 := argmax,cx, |7 [Zm—1 [am]] — 7 [am]]-

Variants:

o only search for interpolation DOFs (POD-DEIM, GNAT)
o use different (RB)-error (PODEI-Greedy, T.Tonn)
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COUPLING OF BASIS SPACES
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COUPLED SYSTEMS

Solve for (u},...,ul) € Vy:=Vix...xV)}

DISCRETIZATION

& [(u,ll,...,u;,)] =0

L3 [(u,l,,...,u;,)] =0

with discrete operators BJ,; Vp — V\/*i,j =1,...,J.
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COUPLED EVOLUTION SYSTEMS

Solve for (u},...,ul) € Vp:=Vi x...xV}

DISCRETIZATION
out
(m) 2} [who )] =0

Ei [(u,l,,...,u,’,)] =0

+initial condition

with discrete operators E’,'I Vp — M/’i,j =1,...,J.
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COUPLED SYSTEMS

How TO REDUCE WITH RB METHOD?
(A) Generate reduced bases Cb}vl CV},.. .,d);vl cVvl
and empirical operator interpolants Ill\/I,_ [£3] ,.,.,Z,-\’/,J (£1]

(B) Generate reduced basis &y C V},
and empirical operator interpolant Zp, [(L,l,, ... ,L#)t] (equivalent to scalar case)

(C) “Something between (A) and (B)”
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(B) Generate reduced basis &y C V},
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COUPLED SYSTEMS

How TO REDUCE WITH RB METHOD?
(A) Generate reduced bases ¢}V1 CV},.. .,d);vl cVvl
and empirical operator interpolants Ill\/I,_ [£3] ,.,.,Z,-\’/,J (£1]

(B) Generate reduced basis &y C V},
and empirical operator interpolant Zp, [(L,l,, ... ,L#)t] (equivalent to scalar case)

(C) “Something between (A) and (B)”

Assumption: My +...+ My <Mand Ny + ...+ N; < N

= Heuristic algorithms for optimal basis sizes
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A POSTERIORI ERROR ESTIMATOR (DHO, 2012)

ESTIMATOR

k() — ubq ()| < 0o pa . (12)

Two main contributions:
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A POSTERIORI ERROR ESTIMATOR

THEOREM (A POSTERIORI ERROR ESTIMATOR )

Assumptions:
o Operators fulfill “Lipschitz” properties:
lu = v+ ALy [u] = AL Wy, 2 g lu = v,
lo — v — AtLe [u] + AtLe Mllyy, < Ceaellu—vily,

o M’-trick: Empirical interpolations exact for larger CRB space Wy, p and
Ph [UU (IJ’)] € Wred
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A POSTERIORI ERROR ESTIMATOR

THEOREM (A POSTERIORI ERROR ESTIMATOR CONT.)

Assumptions:
o Operators fulfill “Lipschitz” properties:
la = v+ ALy [u] = AL (Mllyy, > i lu = Vi,
lu—v — AtLe [u] + AtLEe [V]HW" < Cent ||u— VHW’.
o M’-trick: Empirical interpolations exact for larger CRB space Wy, p and
Ph [UU (IJ’)] € Wred
k—1

Then:
k—it1 q~k—i ew
nnm(p) = Z CI,At+1 CE e (HR’I(:’;M(“)H e HAtRkH(“)H 4N )
0

i=

ukq(p) — U;ﬁ(u)H < k(1)

with
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A POSTERIORI ERROR ESTIMATOR

THEOREM (A POSTERIORI ERROR ESTIMATOR )
Then: ’
k—1

mm() = Y A L, (||RIE )| + [|AeRM ()| + eVew)

uloa (1) = vl ()| < ks (k)

with

The residuals R, py measure the empirical interpolation error, e.g.

M+M’
k+1,0 * k+1,v
R*,M T Z Im [ured :|£""
m=M
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OUTLOOK

CONCLUSION
o Model order reduction of general parametrized evolution schemes
o with reduced basis methods and empirical operator interpolation
o specialized reduced basis spaces and empirical interpolation Dofs desirable
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OUTLOOK

CONCLUSION
o Model order reduction of general parametrized evolution schemes
o with reduced basis methods and empirical operator interpolation
o specialized reduced basis spaces and empirical interpolation Dofs desirable

FUTURE WORK

o Parametrization of Two—Phase—Flow example

o Rigorous error control of reduced data
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